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Theory
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ÅA self-gravitating fluid of cold dark matter (CDM):

ÅGravitational potential    :

ÅParticle number density in phase space                  :

ÅNo hot component (apart from neutrinos):

Cosmic phase space: the Vlasov-Poisson system
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Poisson equation:

Density contrast:

Vlasovequation:

Collisionlessversion
of the Boltzmann equation

ÅSingle-stream 
approximation:

Warm DM Cold DM



Cosmic phase space: Lagrangianvs Eulerian views

ÅConsequence of the single-stream approximation:
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Eulerian coordinate

Spatially fixed
volume element

Lagrangiancoordinate

Following the motion
of the fluid element

Lagrangiandisplacement field
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Hydrodynamic models

ÅMomentum moments of the Vlasovequation:

ÅIn the single-stream approximation:
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Give hierarchy of conservation laws (0th: particle number, 1st: momentum, 2nd: energy, etc.) 

Still a heavily non-linear system!

Density field

Peculiar velocity flow

Stress tensor
Χ Χ

Poisson equation

Euler equation

conservation equation

Velocity
dispersion
tensor



Shell-crossing

ÅThe breakdown of             , describing the generation of 
velocity dispersion or anisotropic stress due to the multiple-

stream regime, is generically known as shell-crossing.
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Simulations
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Particle-mesh (PM) codes
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ÅEquations of motion of particles:

ÅThe Kick-Drift-Kick (leapfrog) integrator:

ά5ǊƛŦǘέ prefactor

άYƛŎƪέ prefactor
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A dark matter simulation



Cosmic web properties: insights from simulations

ÅAnisotropic structure:
ÅElongated filaments

ÅFlattened sheets

ÅComplex spatial connectivity:

ÅMultiscale/hierarchical nature:
ÅStructures on a wide range of 

scales and density regimes

ÅOverdense-underdense
asymmetry 
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Cosmic web Human brain



Thermal cut-off in the linear power spectrum
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Å¢ƘŜ ά/5a ǇǊƻōƭŜƳέ
(for simulators):
halos down to Earth-mass 
scales in CDM!



Velocity field

ÅAt late times, shell-
crossing breaks the 
trivial coupling 
between density and 
velocity divergence

ÅIn the standard model, 
vorticity is a pure 
multi-stream 
phenomenon
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Velocity dispersion
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eigenvalues of
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Observations
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Where it all startedŻ

Å1970-1980s: the structure formation controversy

ÅBottom-ǳǇ ǎŎŜƴŀǊƛƻ ƻǊ άƘƛŜǊŀǊŎƘƛŎŀƭ ŎƭǳǎǘŜǊƛƴƎέ ό/5aύΥ tŜŜōƭŜǎΣ IŀǊǊƛǎƻƴΣ Χ

ÅTop-Řƻǿƴ ǎŎŜƴŀǊƛƻ ƻǊ άŀŘƛŀōŀǘƛŎέ όI5aύΥ ½ŜƭΩŘƻǾƛŎƘ, !ǊƴƻƭΩŘΣ Χ

ÅThe discovery of voids in the galaxy distribution was initially met with 
ǎŎŜǇǘƛŎƛǎƳΧ ¦ƴǘƛƭΥ

Å¢ƘŜ άŎƻǎƳƛŎ ǿŜō ǘƘŜƻǊȅέ ƭŀǘŜǊ ǎƻƭǾŜŘ ǘƘŜ ŎƻƴǘǊƻǾŜǊǎȅ
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ά! ǎƭƛŎŜ ƻŦ ǘƘŜ ¦ƴƛǾŜǊǎŜέ



2MASS (2003)
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Sloan Digital Sky Survey
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Large-scale structure surveys roadmap
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2014 2016 2018 2020 2022 2024 2026 2028 2030 2032

BOSS eBOSS

Dark Energy Survey

HETDEX

Hyper Suprime Prime Focus Spectro.

DESI

Euclid

LSST

WFIRST

Stage III

Stage IV

spectroscopic

photometric



Reconstructions
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The BORG inference framework

ÅA Bayesian Hierarchical Model:

ÅThe multi-million dimensionalposterior distribution is 

sampled via Hamiltonian Monte Carlo.

initial conditions

total evolved matter density

biased galaxy distribution

selected sample

galaxy number count:
random extraction (Poisson,
Negative Binomial)

Bayesian Origin Reconstruction from Galaxies
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The 2M++ galaxy compilation

Galaxy distribution

Redshift completeness

2MRS

6dF

SDSS
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BORG at work: Bayesian chrono-cosmography

ObservationsFinal conditionsInitial conditions

Supergalacticplane

67,224 galaxies, Ғ 17 million parameters, 5 TB of primary data products, 10,000 samples,

Ғ 500,000 forward and adjoint data model evaluations, 1.5 million CPU-hours
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BORGPM density field: full non-linear dynamics

Mass profile of the Coma cluster, in 
agreement with gravitational lensing and
X-ray observations down to a few Mpc.

Böötesvoid

Coma

Virgo

Perseus

PiscesNorma

Hydra-
Centaurus

Shapley
concentration
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Velocity field in the supergalacticplane

The gravitational infall of known structures can be observed.
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